A multistep integration method based on Adams type formulae subject to varying step size is proposed for direct solution of general third order ordinary differential equations (ODEs). This direct 4-point block method will be implemented in mode and the numerical solution will be generated at four equally distance points simultaneously. Numerical results are given to compare the efficiency of this developed block method to the existence method in [1] .
Introduction
ODEs are widely used by scientists and engineers in order to representing the real world problems. This type of problem could be formulated either in terms of first order ODEs or higher order ODEs. Thus, this paper will focus on solving higher order ODEs problem, in particular third order ODEs. From literature, it is well known that higher order initial value problems (IVPs) of ODEs are frequently encountered in science and engineering such as in beam theory, electric circuits, control theory, mechanical system and celestial mechanics. Thus, the numerical method play importance rule in order to approximate the solution of ODEs. We are consider the IVPs of the form (1) The common approach for solving Eq. (1) by first reducing such problems to a system of first order equation and then applying any established method available for solving system of first order ODEs. This approach will consume a lot of computational time as well as human effort. In order to avoid this computational burden, direct integration method have been suggested by [1] , [6] , [7] and [9] . According to [1] , an algorithm for direct solution of third order ODEs has been proposed based on linear multistep method technique. The application of a self-starting linear multistep method has been used in [6] for solving second order IVPs directly. It was noted in [9] that a block method based on Adams formula are proposed for direct solution of d-th order ODEs.
Block method for numerical solution have been proposed by several reseachers such as [2] , [3] , [5] , [6] , [8] and [9] . The efficiency of block predictor corrector method has been revealed in [2] for solving nonstiff IVPs whereby in [3] , they proposed multi-blocks method for parallel solution of ODEs. A zero stable block method for second order IVPs has been presented by [5] whereas block method with the implementation of variable step size presented as in the form of Adams Moulton method have been introduced in [8] . The uniqueness feature of block method is that in each application, the solution will be computed at several distinct point. Therefore this proposed method will act as simultaneous numerical integrator in the block form with the computation of the solutions at four points concurrently.
Utilization of variable step size strategy have been adopted by a number of researchers such as [7] , [10] and [11] . The Falkner method for the numerical solution of second order IVPs have been employed in [10] with the implementation of varying the step size. A variable step size variable order PECE codes in [11] have been presented for solving first order ODEs. This variable step size strategy will reduce a lot of steps taken during the approximation of the numerical solution and indirectly will save the computational time as well as keeping the desired accuracy. 
Methodology

Formulation of the method
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In Figure 1 , 4-point block method will be performed by simultaneously generating four approximate solutions in every single block where and with step size h at the point and respectively. These four solutions will be obtained using four back values and in the previous block with step size rh at the point and respectively. The derivation of 4-point block method will be obtained by first integrating Eq. (1) 2). After completing the substitution part, this integral will be evaluated using MAPLE and the corrector formulae of 4-point block method will be obtained in terms of r .The same approaches were utilized in the derivation of predictor formulae and the interpolation points involve are . Thus, the predictor formulae in terms of q and r are obtained.
Coefficients and error constant
During the implementation of the method, we impose some restrictions on the step size selection strategy in order to minimize the number of required formulae to be stored in the code. The choices for the next step size will be restricted either by keeping constant, doubling or halving. In the case of successful step size, if the step size remain constant then the possible ratios are or
.When the step size is doubled the ratios either or . In the case of step size failure . The general corrector formulae of 4-point block method could be written in a compact form as follows : (3) where t is the number of times which Eq. (1) is integrated over the corresponding interval. Upon substituting in the mentioned corrector formulae, the coefficients of the 4-point block method will be simplified in the , ,
n n n n n y x y y y dxdxdx f x y y y dxdxdx
, , , , 
Implementation
Our code has been implemented with variable step size in order to study the effectiveness of the method in terms of computational work saving. The developed code starts by calculating the initial step size then finding the initial value in the starting block. Euler method was adopted in the code in order to find the four starting values. Once, the points in the starting block are calculated, then the 4-point block method could be applied until the end of the interval. In order to reach the end of the interval precisely, in every successful step the code will check the end of interval using the test provided.
In our code, the estimated local truncation error (LTE) is obtained by comparing the derived corrector formula of order k at the fourth point and the same corrector formula of order 1 k − . The LTE thus obtained first to accept and validate the current step with the condition . If it passes, the successful step achieved and then the next step size will be obtained using the step size increment formula (4) where is a safety factor and the value of setting in this paper is 0.5. k is the order of the corrector formulae while and are the step size for current and previous block respectively. The method is implemented in mode, where and stands for an application of the predictor of order 1 k − and corrector of order k respectively and E indicate the evaluation of the function f with m iteration.
Numerical result
In this section, three examples will be presented in order to illustrate the accuracy and efficiency of the developed method. The computation were carried out using C language. The following notations are used in the table:  TOL  Tolerance  b End of interval TS Total steps taken FS Total failure step MAXE Magnitude of maximum error of the computed solution
The numerical results is obtained by comparing the exact solution and the estimation value resulting from using 4-point block method. The formula define as (5) where is the t-th component of the approximation y.
referred to the absolute error test, while represents as mixed error test and correspond to the relative error test. All these three tested problems have been run using mixed error test. 
Discussion
Noted that although the tested problem shown only for a single equation, but our code manage to solve a system of third order ODEs.
These three problems have already encountered in [1] . However they implemented fixed step size in their method with direct integration method as well. Regarding to problem 1, when , the best result obtained using the method in [1] is with 200 steps while when 4 b = , the maximum error is corresponding to 800 steps. However, this 4-point block method manage to obtain the maximum error with 27 steps (when ) and with 39 steps (when 4 b = ) at tolerance . For problem 2, the optimal accuracy obtained in [1] when is and when with total steps 200 and 800 respectively. At tolerance , this developed 4-point block method manage to obtain the maximum error with 28 steps (when 1 b = ) and with 42 steps (when 4 b = ).
For the third problem, the maximum error obtained in [1] when is with 200 steps and with 800 steps when 20 b = . However at tolerance , the 4-point block method produce the accuracy of for and using 33 and 69 steps respectively.
Conclusions
It is seen from Table 5, 6 and 7 that our method have superiority in terms of accuracy and efficiency since it give smaller errors and less total number of steps taken than those in [1] . Therefore, the numerical results obtained have revealed the advantageous of utilizing variable step size in this developed method. Thus, this 4-point block method is suitable for solving third order ODEs problems directly using variable step size. 
